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STABILITY OF STATIONARY SOLUTIONS OF THE SYSTEM OF EQUATIONS
OF THE COMBUSTION THEORY *

V. S. BAUSHEV, V. N. VILIUNOV, and A. M. TIMOKHIN

Local stability of stationary solutions of the system of equations of the combustion
theory is investigated using a thermal diffusion model. The problem is reduced to
the analysis of the point spectrum of a differential operator determined on vector
functions in an unbounded region. A method is proposed for determining the point
spectrum. The spectral region for any arbitrary Lewis number is determined in the
stability region. It is shown that in the case of the Lewis number equal unity
there are no spectral points outside that region.

1. Statement of the problem. The heat diffusion mechanism of flame propagation
over a homogeneous combustible mixture is defined by the system of equations

w U, a’ i .1
o= PO, =Ly -0 (-2
(—oo <z <lo0, t >0)

where U and V are the dimensionless temperature and concentration, and L is the Lewis number,
The relation between dimensionless and dimensional quantities was defined in /1/. In the case
of first order reactions the heat release function is of the form

oW, Vy=Vi)
where f(U) is assumed to be a fairly smooth function that satisfies the conditions
>0, U<e f(U)=0, U>e 0<e<d (1.2)

For definiteness we set f(0) = 1. The meaning of the cut-off parameter is the same as in /2/.
It was shown in /3/ that system (1.1) has the stationary solution u (&), v (E) of the form
of a running wave that satisfies the system of equations

du

v To) —O@,)=0, u(— 20)=v(—oc0)=0 (-3
d?v
i U (o0)=v(20)=0

where § =z — w{, and o is the wave propagation velocity.

The problem of investigating the stability of stationary solutions of system (l1.l) under
small perturbations is formulated as follows. Let the perturbed solutions which, as |z | — o,
satisfy the same conditions as the stationary ones, be defined by

U=u(®) +0p+ 8¢ +..., V=v(l)+ &+ &y + .. (1.4)
where 8 is the small parameter.

Substituting (l.4) into (1.1) and using the expansion of f(U) in a series in powers of
§, we obtain linearized equations in @ and

o9 e
o :a—;f—}—m - ap — by (1.5)
i &y
a =L “’—‘+‘"P"b‘l’ @ Plgon=0
aw , 3D
a=— G-=—vf W, b=—-=/(u)

Here and subsequently a prime denotes differentiation with respect to the variable u.Passing
from the stationary system of coordinates (z, ) to coordinates (g, {) attached to the flame
results in the coefficients in Egs. (1.5) becoming independent of .

We seek a solution of system (1.5) of the form

¢ =2 (& MeM =2z (5 Mer (A =i + ik (1.6)
Substituting (1.6} into (1.5) we obtain

(,,_dd;,! azy — bzs = — A3y (1.7

L o= o =2 - azy — bza== — A3s, Z1, S2|jzjex = 0
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or briefly Az —-Az, where z is a vector with components 2, and Z2.

We have stability when h, > 0. The investigation of stability is, thus reduced to the
analysis of the point spectrum (eigenvalues) of operator A.

Such method of stability investigation differs from the method which has been used for
a considerable time in hydrodynamics /4/, and which was recently proved by that the operator
A is determined on functions in an unbounded region. A similar approach to stability in-
vestigation was, apparently, first used in /6/.

Note that ) ..( is an eigenvalue of operator A. The eigen functions related to this

value of A
du

3

__dr

21 (8, 0) = S (E' 0)‘_ az (1.8)

corresponds to solutions of the shift type (see expansions (1.4))

lm U = u(E+0), limV-=v(E+86), to o

2. Subsidiory expressions. The introduction of a new independent variable u and of
new function p (u) := du/df transforms system (1.3) to the form /1/
(2.1)

'

pp’ -+ wp = O (u, v)
LpY +aw(v—uw=p, 0<u<1
pO)=v(0) =p(1)=0

In the neighborhood of u =~ (0 we have the following expansions in series in powers of u

pe= i+ oput L, @ = O Da® L (2.2)
[ A A Y T
where the slope coefficients p, @,, and y; (assuming that f(0) {) are of the form
M= me—s n= b o (2.3)
In the region of ( < u << ¢ we have in conformity with (1.2)
D, y=0,p ol —u (2.4)

In the subsequent analysis of solutions of system (1.7) we shall need the following res-
ults. Let us assume the existence of the guadratic equation in y (with v a real number)
Vvt B0 (B o= B+ iB)
When v <0 v, has always on positive value. The condition of positiveness of the other is
B, > Bt (2.5)

and when v >0 y, has always one negative value. The condition of positiveness of the other

is
ﬁr <ﬁi2/\72 (2.6)

3. Analysis of integral curves of system (1.7), We take function u(§) which
is the solution of the stationary problem, as the new independent variable. System (1.7)then
assumes the form

P’z + p(p + o) z," + (a + A) 2y — bze = 0
Lpe” = p(Lp 4+ o)z +az, + (A — b) 22 = 0
The idea of this investigation is to analyze the solution of system (3.1) in the neighbor-

hood of u =0 and in region e <« u <1 1in which, taking into account (2.4), we present system
(3.1) in the form

(3.1)

o* (I —u)z" + Az =0
Lo* (1 —w)z” + 0 (1 — L)(1 — u)? 22’ + Az = 0

whose general solution is
N g (1 — w4 G (1 — Wb, Dy > Dy,

227 Cy (1 —wB + Co (1 — w)¥, By, > B,

where D, and B, (k =1, 2) are the roots of the characteristic equations

(3.2)

D> — D Mo =0, LB*— B+ MNe:=20 (3.3)
where (, and (42 are constants of integration. Investigation of the case of multiple roots
of Egs. (3.3) does not present difficulties, since

w2

ln(i-«u), A=

4

1 1 Y 3 2
n=0C10—u)? -C(1—u)? , = Co(l =W+ Ol —uPlin(l —u), rA=I;
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If the four-parameter set of curves (3.2) is to emerge form u =1, it is necessary, in con-
formity with (2.5), to stipulate
l’r > }"iz/mzv A’I‘ > L}“iz/w‘l (3 .4)

Let us now examine the behavior of solutions of system (3.1) in the neighborhood of point
u = 0. Taking into account equalities (2.2) and (2.3) we find that the point u = 0 is for
(3.1) a regular singular point /7/. We seek the solution of system (3.1) in the neighborhood
of u =0 of the form
— > K+ — X k+p
Z = Ukt Zy— Zogll
1 h‘éo 1k 2 héo 2k (3.5)
Substituting (3.5) into (3.1) and equating to zero the coefficients at u?, we obtain for the
coefficients 2,5, and 220 the system
] (3.6)
(p"p* + wpip + A) 219 — 22 = 0

(Lp®0* + opip + A — 1) 250 =0

To obtain a nontrivial solution of system (3.6) it is necessary to equate to zero the
expressions in parentheses in (3.6). Out of the four roots of the obtained characteristic
equations two have negative real parts. If the remaining two roots are to have positive real
parts, it is necessary in conformity with (2.6) that the equalities

}‘tr <7"i2/“)27 A'r <1~ + LA,,'2/(02 (3.7)

be satisfied. If at least one of these inequalities is satisfied, system (3.1) has a solution
emanating from u = 0.

Since in region O <<u <Ce the coefficients of the linear system (3.1) do not have sing-
ularities, its solution exist throughout that region /7/ and are integral analytic functions
of parameter A.

The form of solutions (3.5) is altered when the roots of the characteristic equations dif-
fer by an integer /7/, however, the pattern of integral curve behavior, i.e. the number of
linearly independent solutions of (3.1) emanating from u == 0, is again determined by the
signs of the real parts of these equations.

4, Analysis of the point spectrum of operator A. we denote the solutions em-
anating from 4y =0 by 2 and 2° and those emanating from u =1 in region & <<u <1
by z! and 2zl For z° and z° to be eigenfunctions of operator A it is necessary that
their continuation into region g <« u <« 1 vanish for u=1. Such continuation is effected
using Eq. (3.2) and the conditions for u =&

dz,° (g) dz,! (g)

(4.1)
du T du k=12

%’ (&) =z (e),

which are a corollary of the assumption of continuity of f (u) when u = .
The symmetric about the real axis part of region of eigenvalues in the ).-plane is shown
in Fig.l. The respective equations of curves 1, 2, and 3 are of the form

Ar = LA 6?, A, =1+ LAYe?, A, = Aol

When both inequalities (3.4) and the second of inequalities (3.7) (the shaded region in

Fig.l), i.e. when
Lt L2 A A% w?, L<1
+ i/m > r> L?»f/(x)z, L>1 (4.2)

the operation of continuation of solutions 2z, and 2° into region 8<u<1 yields a system
of four linear equations in Cy, Cs, C3, and C4 , which is uniquely solvable, thus resolving
positively the question of continuation. All A which satisfy inequalities (4.2) are eigen-
values.
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when Ae D, i.e.
LA < A, < min MY 14+ LAYe?, L <1
the two-parameter set z,! and the one-parameter z,'(C:==0) emanate from u-= 1. The constants
¢, and C, are uniquely determined.
For the determination of €; we have two equations
dnl(e, N

O

— 1D (4 — &)t

which imply that the solution z° must satisfy for u = & the supplementary condition

(1—e) 2D Do, 1y=0 (4.3)

The last equality can only be satisfied for a discrete set of A (a denumerable set of
eigenvalues) .
The proof of existence of a denumerable set of eigenvalues in the case of

A = min A% 14+ LA ey, 14 LhYe? <i, <A¥Ye?, L <1 (4.4)
is similar (the dash line and region D; for L <1 in Fig.l) also when A& D2, i.e.
Ao <A < LhYe?, L>1. (4.5)
In the case of (4.4) with u =& (4.3) holds, while in the case of (4.5) (C; = 0) the fol-
lowing condition must be satisfied

A=) EED L poe, =0 (4.6)

When
A, > max (Y o?, 1 4+ LAY 0?}

no integral curves emanate from u — ( and, consequently, there are no eigenvalues.
The determination of stability or instability of stationary solutions of (1l.1) is eviden-
tly associated with the analysis of eigenvalues in the region

N ’{Lkﬁ/m?, L<1
S At L, A0

Such analysis is carried out below.

5, Stability in the case of L 1. Let condition (4.7) be satisfied. It foll-
ows from (2.1) that v=u and @ — @ (x). Subtracting in (3.1) the second equation from the

first, we obtain ,, . ,
! Pr(zy — )"+ p(p' + o)z — 22) + Mz — 22) =0

whose solution for 2z, — 22 is of the form

u
Y du

z.—znglexp(pls%) - EZQXP(HEST) (5.1)

where E; and E: are constants of integration, and WM; and M2 are the roots of the equation
p? + op + A = 0.
Taking into account the unboundedness of the right-hand side of (5.1) as u—»>0 or u-—>1
we obtain from it that 3z; = z2. System (3.1)reduces to the single equation
P2+ p(p -k eyz (e — b)Yz - —hzy, oz, (0) =z (1) - 0 (5.2)

The characteristic equations for the analysis of solutions (5.2) in the neighborhood of u =0
and u =1 are, respectively, of the form

PPt epp +A—1=0, D*— D+ o0 (5.3)
The case of multiple roots of Egs. (5.3)

A=l 4+ o¥4 A% 04
is not considered here, since such values of A lie in the stability region and are, consequent-
ly, of no interest.
As implied by (2.5) and (2.6), the real parts of the roots of Egs.(5.3) have different

signs. This means that one-parameter sets of curves emanates from 1y -:0and u = 1. It is
necessary to show that these are different sets.

Using the substitution u
o | du
w == Zj exp ?S—p— (5.4)

we reduce Eg. (2.5) to the self-conjugate form
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d d w?
bo=—ho, 1=pg(p )=+ a0 (5.5)

Transform (5.4) does not alter the pattern of behavior of integral curves of Eg. (5.2)in
the neighborhood of uw=70 and u =1, since in the neighborhood of u =0, z; ~ uP

u
" d .
exp (._.:3..5 ‘;:-f—) ~ YORPL e~ yPFRIP

@ @ A {l—A)
Pt =)
This implies that |jw |—0(o0) if |z, |- 0 {c0).
The proof for the neighborhood of y =1 is similar.

Corollary., If the integral curves of Eq. (5.2) emanating from u =0 and u=1 be-
long to a single set, then the integral curves of Eq. (5.5) also belong to a single set.
The analysis of eigenvalues of problem (5.2) thus reduces to that of eigenvalues of oper-
ator | determinate over functions that vanish for y =0 and y = 1.
Further proof is analogous to that in /6/. The self-conjugate operator ! has the eigen-
function

u
Wy (1) = pexp (—5’;—\ %u)

which corresponds to A1 = 0.
Since that eigenfunction has no zeros in the interval (0.1}, it corresponds to the great—
er eigenvalue /8/. Hence the operator ! has no negative eigenvalues,

Remark 1, The point spectrum for L =1 contains not only pure real values, which is
in disagreement with /6/. It was stated in /9/ that on the basis of /6/ the spectral region
consists of points A=0,A> %4, The discrepancy between these conclusions and the results
obtained here are explained by that the pattern of behavior of integral curves 2z in the
neighborhood of points # =0 and u =1 remains unaltered by transform (5.4) not for all A, as
was tacitly assumed in /6/.

Remark 2., The analysis of stability is possible not only in the case of the one-dim~
ensional problem. For example, in the case of two-dimensional perturbations in the right-hand
sides of each of Egs. (1.1) we have, respectively, the terms #U/dy and &°Vidy*), and instead
of (1.6) we have to seek a solution of the linearized equations of the form

91 = 2z (E, &) exp (— At + iny), @ = 1o (E, A) exp (— At -+ ioy)
where a is the wave number. Using the obtained here results, we obtain for the curves bound-
ing the point spectrum in the complex plane i the equations
A — Lot = LA w2, A — Lo? = 1 + Lie?, A, — of = A¥e?
When L >0, «a#0 the spectral region moves in the direction of positive A i.e. into
the region of stability.
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